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Abstract

This document includes some detailed supplemental derivations
used in the bandwidth estimation for the online Kernel Density Esti-
mator which was proposed in the paper “Multivariate Online Kernel
Density Estimation with Gaussian Kernels” by authors Matej Kristan,
Aleš Leonardis, Danijel Skočaj (submitted to the journal of Pattern
Recognition).

1 Functional approximation

In this section we detail the derivation of the approximation to the
functional R(p,F) from Section 3 of the above referenced paper. We
write the multiple partial derivatives of a d-variate function g(x) as

g(r) =
∂|r|

∂xr11 . . . ∂xrdd
g(x), (1)

with r = (r1, . . . , rd) a vector of nonnegative integers and |r| =
∑d
i=1 ri.

According to [1] (page, 98) we can rewrite

R(p,F) =

∫
tr2{FGp(x)}dx (2)

into

R(p,F) =

∫
tr{FGp(x)}tr{FGp(x)}dx

= vechT (F)ΨGvech(F), (3)
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with ΨG denoting a 1
2d(d+ 1)× 1

2d(d+ 1) matrix

ΨG =

∫
vech(2Gp(x)− dg(Gp(x)))×

vechT (2Gp(x)− dg(Gp(x)))dx, (4)

and where the notation dg denotes the diagonal matrix formed by
replacing all off-diagonal entries by zeros. Since Gp(x) is a matrix of
second partial derivatives, each entriy in ΨG can be written in terms
of functionals ψr,

ψr =

∫
p(r1)(x)p(r2)(x)dx

=

∫
p(r)(x)p(x)dx (5)

with r = r1+r2 and with even |r1| and |r2|. This means that entries in
(3) are simply expectations of partial even derivatives of an unknown
distribution p(x). We now approximate the unknown distribution by
a sample model ps(x) and approximate its derivative through a kernel

density estimate p
(r)
G (x), where

pG(x) =

Ng∑
i=1

αgiφΣgi(µgi − x)

ps(x) =
Ns∑
j=1

αsjφΣsj (µsj − x).

This means that the entries ψr are approximated by

ψ̂r =

∫
p

(r)
G (x)ps(x)dx

=

∫
p

(r1)
G (x)p(r2)

s (x)dx. (6)

By matching the last line of the (6) with the first line of (5) we get
the approximation of ΨG ,

Ψ̂G =

∫
vech(2GpG(x)− dg(GpG(x)))×

vechT (2Gps(x)− dg(Gps(x)))dx. (7)

Plugging Ψ̂G back into (3) yields the following approximation ofR(p,F):

R̂(p,F,G) =

∫
tr{FGpG(x)}tr{FGps(x)}dx. (8)
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2 Closed-form functional calculation

To derive a closed-form solution to

R̂(p,F,G) =

∫
tr{FGpG(x)}tr{FGps(x)} (9)

which is based only on matrix algebra, we follow closely the derivation
of a similar integral which was studied in the Appendix of M.P. Wand’s
paper [2]. As in that paper, we will require some established results:

GφΣ(·−µ) = φΣ(x){Σ−1(x− µ)(x− µ)T − I}Σ−1, (10)

φΣi(x− µi)φΣj (x− µj) =

φΣi+Σj (µi − µj)φΣi(Σi+Σj)−1Σj
(x− µ∗) (11)

where
µ∗ = Σj(Σi + Σj)

−1µi + Σi(Σi + Σj)
−1µj , (12)

and

Cov(XTAX, (X− c)TB(X− c)) =

2tr[AΣB{Σ + 2(µ− c)µT }], (13)

where X is random vector distributed in φΣ(µ−x), A and B are d×d
symmetric constant matrices and c is a d×1 constant vector. We start
by expanding the integral∫

tr{FGpG(x)}tr{FGps(x)} =

Ng∑
i=1

Ns∑
j=1

αgiαsjφΣgi+Σsj (µgi − µsj)

×E[tr{FΣ−1
gi [(Y − µgi)(Y − µgi)

TΣ−1
gi − I]}

×tr{FΣ−1
sj [(Y − µsj)(Y − µsj)

TΣ−1
sj − I]}], (14)

where I is an identity matrix and Y a random vector distributed in
φΣgi(Σgi+Σsj)−1Σsj

(x− µ∗ij), with

µ∗ij = Σsj(Σgi + Σsj)
−1µgi + Σgi(Σgi + Σsj)

−1µsj . (15)

Since E(UV) = Cov(U,V) +E(U)E(V) for two random variables U
and V the expectation in (14) can be written as

Cov{(Y − µgi)
TΣ−1

gi FΣ−1
gi (Y − µgi),

(Y − µsj)
TΣ−1

sj FΣ−1
sj (Y − µsj)

+tr{FΣ−1
gi (E[(Y − µgi)(Y − µgi)

T ]Σ−1
gi − I)}

×tr{FΣ−1
sj (E[(Y − µsj)(Y − µsj)

T ]Σ−1
sj − I)}. (16)
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Since µ∗ij−µsi = Σgi(Σgi+Σsj)
−1(µsj−µgi), (13) and matrix algebra

can be used to show that the covariance term is

2tr{F(Σgi + Σsj)
−1F(Σgi + Σsj)

−1 ×
[I− 2(µgi − µsj)(µgi − µsj)

T (Σgi + Σsj)]}.

Using E[(Y −µgi)(Y −µgi)
T ] = Σgi(Σgi+Σsj)

−1Σsj+(µ∗ij−µgi)(µ
∗
ij−

µgi)
T it can be shown that each of the factor in the second term is

equal to

−tr{F(Σgi + Σsj)
−1[I− (µgi− µsj)(µgi− µsj)

T (Σgi + Σsj)
−1]}. (17)

Combining these with (14) and applying the definitions

Aij = (Σgi + Σsj)
−1,

Bij = Aij{I− 2(µgi − µsj)(µgi − µsj)
TAij},

Cij = Aij{I− (µgi − µsj)(µgi − µsj)
TAij} (18)

leads to

R̂(p,F,G) =
N∑
i=1

N∑
j=1

αiαjφΣgi+Σsj (µgi − µsj)×

[2tr(FAijFBij) + tr2(FCij)]. (19)

Finally, using the definitions

Aij = (Σgi + Σsj)
−1 , ∆ij = µi − µj , mij = ∆T

ijAij∆ij , (20)

we can simplify (19) into

R̂(p,F,G) =
N∑
i=1

N∑
j=1

αiαjφA−1
ij

(∆ij)×

[2tr(F2A2
ij)[1− 2mij ] + tr2(FAij)[1−mij ]

2]. (21)
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